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Abstract 

^ . We show that a generalised reduction of D=10 IIB supergravity leads, in a certain limit, to 

^ I a maximally extended S0(2) gauged supergravity in D=9. We show the scalar potential 

of this model allows both Minkowski and a new type of domain wall solution to the 
/S ' Bogomol'nyi equations. We relate these vacua to type IIB D-branes. 
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1 Introduction 

In recent years gauged supergravities have enjoyed a revival of interest. These models 
have come under renewed investigation because it is now clear they play an important role 
in the dynamics of superstring theories and M-theory through the conjectured AdS/CFT 
correspondence and its generalisations ||1], Q. 

The most studied of these holographic correspondences is that between type IIB 
superstring theory in the background AdS^xS^ and super Yang-Mills theory in four 
dimensions with gauge group SU{N) for A^ large. When the string coupling gs becomes 
small but gsN remains large, the radius of curvature of AdS^xS^ becomes much larger 
than the string length and hence the supergravity approximation is justified. The relevant 
supergravity would be type IIB supergravity compactified on S"^, whose massless modes 
constitute D=5 maximal SO (6) gauged supergravity [|]. 

Gauged supergravities also arise in brane-world scenarios in which the 4-D fields of 
the Standard Model are localised on a 3-brane domain wall living in five dimensions. The 
bulk geometry is asymptotically AdS^ and although the fifth dimension is non-compact, 
the zero mode of the graviton is trapped by the wall and four dimensional Newtonian 
gravity is correctly reproduced on the wall. As AdS^ is a solution of 5-D maximal gauged 
supergravity, which is believed to be a consistent truncation of IIB supergravity |§|, ^ [^l, 
attempts have been made to embed the braneworld models in M/Superstring theory 
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The purpose of this paper is to study maximally extended, gauged supergravity in nine 
dimensions. This model is interesting from the point of view of D=9 being the highest 
dimension in which the construction of a gauged supergravity is possible. For D=ll and 
D=10 IIA supergravities the i?-symmetry groups of the superalgebras are trivial. In the 
D=10 IIB case although the i?-symmetry group is 5*0(2) there are no vector fields in the 
multiplet available to act as gauge fields. 

A natural place to begin then is with the D=9 maximal (A^=2) ungauged model 
p^ , |T3|. The bosonic field content is a graviton, a 3-form potential, a pair of 2-forms, 
3 vectors and 3 scalars. The model has a global 5*0(2) invariance under which the 2- 
forms transform as a doublet as do 2 of the vectors. 2 of the scalars parametrise the 



coset Sl{2,'R)/SO{2). The 3-form is a singlet as is one of the scalars and the remaining 



vector, in a particular choice of field variables |T2|. The i?-symmetry group of the N=2 
superalgebra is 5*0 (2) so it seems clear that upon gauging the single vector must become 
the gauge field. However, because there are doublets of vectors and 2-index antisymmetric 
tensor potentials also transforming under the 5*0(2), one encounters similar problems 
that have arisen previously in the gauging of, for example, maximal D=6 supergravity 
||T^ . The problem is that these doublets of vectors and 2-index antisymmetric tensor 
potentials have their own antisymmetric tensor gauge invariance which is destroyed upon 
replacement of ordinary derivatives by 5*0(2) covariant derivatives in their kinetic terms. 
Hence these doublets of fields would propagate an incorrect number of degrees of freedom 
compared to that required by supersymmetry. So how does one couple these vectors and 
2-forms to the 50(2) gauge field? The correct mechanism is to allow the doublet of 
2-forms to eat the doublet of 1-forms and thus become massive. The antisymmetric 
tensor gauge invariance no longer exists but is not required as the doublet of massive 
2-forms propagates the correct number of degrees of freedom. Now however the ordinary 
derivative can simply be replaced by a covariant derivative in the kinetic term for the 
massive 2-forms in order to effect the gauging. 

One possible method of constructing a D=9 gauged supergravity is via a compact- 
ification on 5*^ of D=ll supergravity. To see this consider the D=ll solution of three 
M5-branes intersecting on a string. This is a configuration preserving 1/8 of the super- 
symmetry. The 'near horizon geometry' of such a configuration has been shown to be 
^^5*3 X E^ X 5"^ where the supersymmetry is enhanced by a factor of 2 [T^. By 'near hori- 
zon geometry' it is meant the geometry of the solution in the asymptotic region near the 
core of the branes where spacelike geodesies can be continued indefinitely. The existence 
of this solution implies that a reduction of D=ll supergravity on 5^ is possible, and, 
assuming the truncation to massless Kaluza-Klein modes is consistent, one would expect 
to obtain a gauged supergravity whose gauge group is a subgroup of the isometry group 
of 52 i.e. 50(3) Hill 

The method we will employ to obtain the bosonic sector of maximally extended 5*0(2) 
gauged supergravity in D=9, is a generalised dimensional reduction of D=10 type IIB 
supergravity using the global 5*^(2, M) symmetry. This has been done previously and one 



obtains a massive supergravity with 3 mass parameters, a global S'/(2,M) and a local 
SO {2) [l^, [l^. Here we review this reduction, pointing out some features specific to 



the generalised reduction. In particular, how the normally trivial local U{1) symmetry, 
related to general coordinate transformations in the compact dimension (for which the 
Kaluza-Klein vector is the gauge field) becomes non-trivial after a generalised reduction. 
The novelty of the present discussion is the observation that there exists a limit of this 
massive, gauged supergravity in which two of the mass parameters can be set to zero 
Q giving the SO {2) gauged supergravity of interest. We examine the scalar potential 
of this model and find, rather surprisingly, that there is a single critical point leading 
to a nine dimensional Minkowski ground state with no linear dilaton. We also confirm 
the observation of [|^ that there are no supersymmetric single scalar domain walls but 
the Bogomol'nyi equations do however allow domain walls with two scalars active. The 
functional dependence of these scalars on the transverse distance from the wall is of a 
type not previously encountered. 

The paper is set out as follows. In section 2 we review the generalised reduction of 
type IIB supergravity to D=9 familiarising the reader with the notations used in later 
sections. In section 3 we take a limit to obtain the bosonic sector only of the SO {2) 
gauged supergravity. In section 4 we analyse the possible vacua of this model. In section 
5 we briefiy discuss the further reduction of D=9 5*0(2) supergravity to lower dimensions 
and finally in section 6 we present our conclusions. 

2 Generalised Reduction of IIB Supergravity 

Here we perform the generalised reduction of IIB supergravity to D=9. The field equa- 
tions of D=10 IIB supergravity cannot be derived from a covariant action [|l^. This 
is due to the self-dual 5-form field strength. However, as shown in |^, one can write 
down a covariant action whose field equations become those of IIB supergravity when 
the self-duality constraint is taken into account. The form of the bosonic sector of this 
^In fact all three mass parameters can be put to zero giving the maximally supersymmetric ungauged 
D=9 supergravity p2[. 



action with a manifest Sl{2,M.) global symmetry is ||T^, [18| : 

ho = J d'^xel^R+^tr{dMdM-')-^njMnsj-^ J H,A^H, + H,AB'^r]Iis (1) 
where for convenience we have used form notation in the terms involving H^, and where 

n, ^ H,., = (^ ^'^^^ j = 3 (^ ^'J^^^ j = 3a,B.„ H, = dB, + -B^r/H3. (2) 

The two scalars x and parametrise an 5/(2, M) /SO (2) coset. The symmetric 5/(2, M) 
matrix M. is defined by 

and satisfies M.^^ = rjM.rf . r = x + i^'^ is a complex scalar field and the matrix rj is 
the generator of 50(2) given by 

/ 1 
4 



r]={ ^ \ =-r] ^ = -7]"" (4) 



which is preserved by all 5/(2, M) matrices i.e. A^^ = rjA^r]'^ V A G 5/(2, M). 

In a generalised dimensional reduction certain fields are allowed to depend on the 
compactification coordinate. The dependence is dictated by how the fields transform 
under the global symmetry being used, and is such that the resulting lower dimensional 
lagrangian is independent of the compactification coordinate. The 5/(2, M) transforma- 
tions of the fields are 

M -^ AMA"", B2 ^ (A'^)~'B2 (5) 

where A G 5/(2, M). Hence the ansatze we choose for the reduction are 

M{x,z) = X^{z)Mix)\{z) (6) 

B2{x,z) = X-\z)[B2{x)-Bi{x)Ai + Bi{x){dz + Ai)]. (7) 

X{z) = e^'^ and the matrix C is an element of the Lie algebra of 5/(2, M) given by 

mi m2 + WI3 \ 

(8) 
ms —rrii / 

^Hatted quantities are ten dimensional, unhatted are nine dimensional, z is the compactification 

coordinate and x are the D=9 coordinates. 
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where 

—(::)• —(::)• -'-(::: 

are the generators of 5/(2, M) and the mj's are constants with the dimensions of mass. 
For the metric we use the standard ansatz, namely 



^^^2^ = e^'^'^dSl + e^^'^idz + A) 



or in terms of the vielbein 



e^ 



■ pOip a Pip A ■ 

e^^ 



(10) 



(11) 



/3 = —7a and a = ^^ are chosen so that the Einstein-Hilbert term thus reduces in the 
canonical way 

eR = e[R-\{dvf-\e-^^'':Fl] (12) 

where J^2 = dAi is the field strength of the Kaluza-Klein vector. 



2.1 Reduction of Scalars 

We now reduce the scalar kinetic term which takes the form 

1 



-e tr 



{d^M){doM~')g 



iuA!> 



The inverse metric is given by 



tA"^ 



_^-2aipj^u ^-2apj^ J^fi _|_ g-2/3i/3 



which upon substitution in (jT^) gives 



(13) 



(14) 



-{dM){d,M-^){A''e-^''^) + (9,^1) (9,^1-1) [e-'"M^ A + e^^^^] j. (15) 



^^"^e tr 



In standard dimensional reductions, only the first term of this expression would contribute 
to the lower dimensional lagrangian. In a generalised dimensional reduction however we 
must be careful as dzM. ^ 0. The first term in ([TSD trivially reduces as 



tr 



{d^M){d,M~^)g 



l^^M!^ 



tr 



{dM){dM^^] 



(16) 



The terms in dzM. reduce as 



tr 
tr 



"1^ Ai^ 



(d^M){dM-')A' 



—tr 
tr 



tr 



id,M)id,M 



-l^ 



-2tr\c^ + C^MCM-^ 



(17) 



where we have used (13). We can now define covariant derivatives as 



DM = dM - {C M + MC)Ai 
DM-^ = dM-^ + {C^M-^ + M-^C^)Ai 



(18) 



and hence the scalar kinetic terms become the following after generalised reduction to 
D=9: 



etr 



dMdM-^ 



etr 



DMDM.-^ 



- eV{M) 



where 



V(A^) = -e^^tr 



C' + CM-'C'M 



-inT 



(19) 



(20) 



Thus we see that generalised reduction very naturally generates a scalar potential and 
covariant derivatives. We now turn to the reduction of the doublet of 2-forms. 

2.2 Reduction of 2-Form Potentials 

The ansatz for the reduction of the 2-forms was given in (^. Taking the exterior derivative 
generates an extra term not present in ordinary reduction and there is also a common 
factor of e~^'" appearing through the transformation law of B2 i.e. 



-zC 



zCi 



ciB2(x, z) = -Ce-^^Barfz + e'^^dBiidz + Ai) + e''^ (dBa - dBiAi). (21) 



In terms of field strengths we have 



zC-i 



H3(x, z) = e~'^H3(x) + e-''-B.2{x){dz + A 



(22) 



where the D=9 field strengths are defined as 



H2(x) = dBi - CB2, H3(x) = dB2 - H2 A ^1 



(23) 



Note how in the reduction H3 splits into H3 and H2 where H3 is given by the usual 
expression involving a Chern-Simons modification. However, with the generalised ansatz 
H2 also develops a modification. As we will see later, this allows B2 to eat Bi and thus 
H3 becomes a covariant derivative. The kinetic term for H3(a;, 2) therefore reduces to 

-^eHlMHs = -^ee-^''nlMn^-\ee^''nlMn2. (24) 

We now see how the z dependence of the ansatz is such as to ensure the lower dimensional 
lagrangian remains independent of z. Finally it remains to deal with the terms involving 
the self-dual 5-form. 

2.3 Reduction of the 5-Form 

The ansatz for the 4-form potential is 

Bi{x, z) = Bi{x) - Bs{x)Ai + B^{dz + Ai). (25) 

The self-dual field strength is given by 

H^{x,z)=dB^ + ]^^lTl-ii^. (26) 

By using (^), (0) and (|22|) it is straightforward to show H^{x,z) reduces as 



H^{x,z) = H^{x) + H^{x){dz + Ai) (27) 

where H^^x) and H^{x) are defined by 

H^ = dB^-dB^Ai + ]^{^l + Ai^l)7]Ii^ 

H^ = rf53-^Bfr/H3 + ^(B^ + ABf)r7H2 (28) 

and use has been made of the property 

e-'^^rje-'^ = ri V e""^ G 5/(2, M). (29) 

Hence the kinetic term for the 4-form potential dimensionally reduces to 

-] f H,,M.H,, = -\ I e~^'^H5 A ^i/g + e^'^H^ A ^.H^. (30) 
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The ten dimensional Chern-Simons term takes the form 

1 



TCS 

-'lO 



4 



i/sAB^r^Hs. 



(31) 



The reduction of this term is performed using equations ([27|) , (|^) and ( ^2]) and the 



property (^). It is straightforward to show that the resulting nine-dimensional Chern 
Simons term is given by 

1 



4 



H.A 



Ha A 



[Bi + AiBDriU, 



(32) 



B^ +AiBi)r]U2~Biriiis 

As mentioned at the beginning of section 2, the field equations of (|l|) must be sup- 
plemented with the self-duality constraint on H^ in order to be equivalent to the field 
equations of type IIB supergravity. One handles the self-duality constraint in nine di- 
mensions by first dualising -B4 to B^ by the usual methods and then identifying B3, with 
B3. The reader is invited to see ||l8l for a more complete discussion of this point. The 
result is a contribution to the D=9 action involving only a 3-form potential 



Jg = I - -e^^{H, A ^H,) + -(B^ + AB[)r7H3 A 



2dB, + ^{B^ + AiB^)vii2 

-clBsAdB^AAi. (33) 



BfT^Hs 



Hence 5'/(2, M) generalised dimensional reduction of the bosonic sector of IIB supergravity 
to D=9 leads to the following bosonic lagrangian 

1 



~'C, 



R - -{d^y + jtr{DMDM-^] 



]e--^-Tl 



■\e^-n^Mn, - ^e-^-nlMH, - j^ei^^'imr 



--e^'^ tr{C^ + CM-^C^M 



6 ^CS 






(34) 



where Ccs can be read off from (|33|) . The various field strengths are defined by 



^2 

H2(a;) 

H3(a;) 

DM 

DM-^ 

Hi 



dAi, 

ciBi - CB2, 

rfBa-HsAA, 

dM - {C^ M + MC)Ai, 

dM-^ + {C^M-^ + M-^C^)Ai 

dBs - ^Bf r^Hg + ^(B^ + ABf )r7H2 



(35) 
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-M = e'^f''"' ^\ "^^i-i o)' ^ = ^ + '^"^ (36) 

1 / mi mo + mq \ 

C = -J (37) 

^ \m2 — ms — ?7ii / 

and where H4 = -ff^j^pa etc. The action is invariant under global scalings of the fields and 



under global Sl{2,M.) transformations ||T8|. The action of the Sl{2,M.) transformations is 



M' = AMA^, B; = (A^)~^Bi, B'2 = (A^)"^B2. (38) 

As C is an element of the Lie algebra of Sl{2, M.) it must transform in the adjoint repre- 
sentation 

C = {A^y'CA^. (39) 

The action also has a local symmetry. Consider general coordinate transformations in 
D=10 for which 

Sxf" = Sf^'pix) (40) 

i.e. the compactification coordinate z transforms by an arbitrary function of the re- 
maining nine dimensional coordinates x. In ordinary Kaluza-Klein reduction, this D=10 
general coordinate transformation becomes a gauge transformation of the Kaluza-Klein 
vector after reduction to D=9, 

6A^ix) = d^pix). (41) 

None of the other D=9 fields are charged under this f/(l) which is thus a trivial gauge 
symmetry which always appears upon dimensional reduction by one dimension (reduction 
by n-dimensions gives a trivial f/(l)" gauge symmetry). 

In generalised dimensional reductions, because one now allows the various fields to 
have a dependence on the compactification coordinate z, a higher dimensional general 
coordinate transformation of the form (|40|) will induce transformations of fields other than 
the Kaluza-Klein vector in the lower dimension, and thus the U{1) gauge symmetry is now 
non-trivial. This is certainly what happens in the case of S'/(2, M) generalised dimensional 
reduction of IIB to D=9. Thus (|3^ is invariant under the local transformations of the 
fields 

^1 -^ Ai + dp 



Bi -^ e-^^Bi 

B2 ^ e-^P{B2-dpBi) 

M -^ e^'^i'Me^" (42) 



or, in terms of field strengths 



H2 - 


- e-^^Hs 


H3 - 


- e-^^Hs 


DM - 


-^ e^^P{DM)e^P 


DM-^ - 


-^ e~^P{DM~^)e~^^P 



(43) 
with all other fields invariant. The Chern-Simons term changes by a total derivative. 

3 The mi = 7712 = Limit 

In the previous section we used an S'/(2,M) Scherk-Schwarz reduction to obtain the 
bosonic sector of a maximally supersymmetric D=9 supergravity containing three mass 
parameters and an 5*0(2) gauging. In this paper we are primarily concerned with just the 
5*0(2) gauged model with as few non-zero mass parameters as possible. In this section 
we will show how the latter can be obtained as a truncation of the former by making the 
convenient choice mi = m2 = and rris = m. 

Setting nil = ^2 = ^3 = in the action ( |3^ one recovers the maximal ungauged 
D=9 supergravity ||12|| . This corresponds to performing an ordinary dimensional reduction 



from D=10. It follows that it is consistent to choose just ms = m to be non-vanishing. 

We argued in the introduction that gauging maximal supergravity in D=9 requires 
certain potentials to be massive and this could only be achieved consistently if a doublet 
of vectors is eaten in a Higg's mechanism. As mentioned in section (2.2) the generalised 
reduction leads to a modification in the field strength of Bi. This allows one to make a 
gauge transformation of B2 thus eliminating Bi. The vector potential Bi also appears 
in the Chern-Simons modifications to the field strength H4 of the 3-form B3. Hence we 
will need to redefine B^ in order to eliminate Bi completely from the action. We begin 
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with the gauge transformation of B2, 

B2 ^ B2 + C-^Bi (44) 

where C^^ is also a constant matrix given by 

C-' = --r( , A = ma' - ma' - mi^. (45) 

^\m2 — rris —mi / 

The effect of this transformation on H2 and H3 is 

H2 -^ — CB2 

H3 -^ dB2 + CB2 AAi = DB2. (46) 



The field strength of the 3-form B3 was given in (|35|). Expanding out this expression, H4 
can alternatively be given as 

H^ = dB, - ^B^r]CB2 + ^B^r^dBi - ^B^vdB2. (47) 



After making the gauge transformation (|4J), H4 becomes 



H, = dB, + irf(Bf r7B2) - ^B^vCB2. (48) 



Hence Bi can be eliminated if we redefine the field B^ as 



Bs^Bs--Bi7]B2. (49) 



The only other terms in the action (|34D where the vector potential Bi appears is in 
the Chern-Simons term. It turns out that the redefinitions ( ^ ) and (|^) are sufficient 
to ensure the complete elimination of Bi from the action. After discarding some total 
derivative terms the Chern-Simons terms can be written 



^dB^A 



dBsAi - B^r/DBs 



^(B^?7CB2)A(B^r/DB2). (50) 



The following lagrangian is now in a form from which one can take the rrii = m2 = 
limit Q. 

^One should use ( p4| ) for the C = limit and not (|5l]). One could perform the transformation ( p^ 
after having set mi = m2 = in (M). 
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/g = fcPxe Ir - -{d^y + jtr{DMDM-^) - -e'^'^J^. 



where 



-—e-^''{Dl32fM{DB2) - ^e^^BUC^MC)B2 
_Le^^{n^f - ieT?'^ tr(c' + CM^'C^M 
+ J -^dB^A^dB^Ai - Blr]DB2^ - ^{Blr]CB2)A{B^vDB2). (51) 



^2 = dAi, 

DB2 = dB2 + CB2Ai, 

H4 = dBs-^B^vCB2, 

DM = dM- {C^M + MC)Ai, 

DM-^ = dM-^ + {C^M-^ + M-^C^)Ai, (52) 

M^e*[^ J, „^(_^ J. ,53, 

2 \ 7722 — "His —rrii J 4 

T = x + ie'"^, A = ms^ — 1712'^ — rai^ (55) 



and where 7^4 = H^^ypu etc. 



3.1 N=2 D=9 50(2) Gauged Supergravity 

We can now set mi = 1712 = and m^ = m. There are no problems with the matrix C 
or its inverse in this limit which simply becomes C = y?7, C^^ = —^V- It is interesting 
to examine the scalar potential in this limit 

V{M) = -e^'^tr(c^ + CM-^C^M] (56) 



becomes 



V{M) = ^ eV?'^ tr f - I2 + r]M-^r]^M) = ^ e^f ^ tr ( - I2 + 7W' ) . (57) 
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Making the above replacements in (|5H ) and using again the S'/(2,M) property M.^^ = 
rj^ Jvlrj we finally get the bosonic sector of a maximally extended SO {2) gauged super- 
gravity in nine dimensions: 



I^om ^ /-^g^g I i?_ 4(5^)2 + '^triDMDM-^) - \e~^''0'l 



1/ lb 

-^ J dB^A^dB^Ai - Blr]DB2^ - ^(B[B2)A(B^r/DB2). (58) 



where 



^2 = dAi, 

Tfl 

DB2 = dB2 + jv'B2Ai, 
H, = dBs + jB'^B2, 

IT) 

DM = dM~—ir]^M+Mv)Ai, 
DM.-^ = dM-^ + -{ri^M-^ + M-^Tf)Au (59) 

M = e'^i J, V=i_^ i T = x + ie-^ (60) 

and where 71^ = H^^p^ etc. The action (0) is invariant under the following local 5*0(2) 
transformations 

Ai -^ ^1 + dp 
B2 ^ e-f'^'Bs 



In terms of field strengths 



M -^ e-^'^'A^e^'^^ (61) 



DB2 -^ e--'^PDB2 
DM -^ e-T''^(DA^)eTW 

DM-^ -^ e~'^''P{DM-^)e'^''f. (62) 



Clearly the Chern-Simons term is invariant up to a total derivative. 
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4 D=9 Gauged Supergravity Vacua 

In this section we shall look for 7-brane domain wall solutions of the D=9 SO (2) gauged 
model (|58D . Examination of the field equations of this model shows that one can con- 
sistently truncate the model to one containing just three scalars (and gravity). We are 
interested in 7-brane domain walls so the metric we choose is 

dSl = e^^^'Ux^'dx^T]^^ + dr^ /i, z/ = 0, . . . , 7. (63) 

Note that this metric becomes Minkg for A{r) constant. The field equations then become 
(primes denote differentiation w.r.t. r.) 

cp" + 8AV = ^ e^^[e'^{x' + 1)' + e"^* + 2(x^ - 1)] (64) 

0" + 8Ay - e2<^(x')' = '^e>[e"t>{x^ + 1)^ - e~-^'t>] (65) 

9 

X" + 2</>'x' + 8A'x' = ^X e^^[(x' + 1) + e'^^ (66) 



</>'x = ^x'[e'nx' + l)-l] (67) 

28(A')^ = ]WY + {ct>r + e^^x')'] - ^ e>[e'^{x' + 1)^ + e"^^ + 2(x^ - 1)] (68) 
4 lb 

1 Tfl 4 

7{A'+A{AY) = -i[(^')'+ W+e'^x')']-^ e7f^[e2^(x2 + l)2+e-2<^+2(x^-l)] (69) 
4 16 

The rather curious equation ( |67D has its origin in the field equation for the gauge potential 
A^. The remaining field equations can be derived from the lagrangian 

e-'C = R- ^{d^f - ^{d<pf - ^e'^idxf - V(^, 0, x) (70) 

where 

2 
Ttl 4 

V{cp, 0, x) = — e^^[e2<^(x' + 1)2 + e-2^ + 2(^2 - 1)]. (71) 

o 
The Bogomol'nyi equations for the system are |2l|, |22| 

A' = T2W, $'^ = ±(14)7^^^ (72) 
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where $^ = (</) x) ^ind •jab = ^diag{l, 1, e^'^). The superpotential W is related to the 
scalar potential via |^ 

where D is the spacetime dimension. Solving this equation leads to 

W{cp, 0, X) = ^ e^Vix' + 1) + e-^ + 2c] (74) 

where c is an arbitrary constant. This constant arises because the term in V proportional 
to 2(-^)^ is exactly equal to (j)Z^W^ in D = 9. Thus the Bogomol'nyi equations for 
the domain wall background are 

?77 2 

ip' = ±-L e7f^[e*(x' + 1) + e--^ + 2c] (75) 

v7 

777 2 

0' = ±-e^^[e^x' + l)-e-1 (76) 

X' = imxe^'^e"'^ (77) 

y,' = -4v^A'. (78) 

We have shown these equations imply the field equations (^-|6^). The field equations 
and Bogomol'nyi equations can be systematically investigated by considering the eight 
possible cases for which each of the three scalars are independently turned on or off. Of 
these cases the field equations are only potentially soluble in four cases (for example, the 
choice = with ip and x non-zero solves (|67|) if x is constant but one cannot then solve 
the X equation of motion (|6^)). 

Case i) (p = x = (f> = ^ 

The field equations are trivially solved with A{r) constant. This is 9D Minkowski 
spacetime, a somewhat surprising solution of a gauged maximal supergravity. Examina- 
tion of the Bogomol'nyi equations show this is only a solution if c = —1, in which case 
W' ~ W ~ ^ ~ ^ ^^'^ Minkg is a maximally supersymmetric solution. 

Case ii) ipj^O, x = 4> = ^ 
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The field equations are all identically satisfied except the </) and A^ equations and 
Einstein's equation which become 

ip" + SA'if' = (79) 

A"+i(Ar- = -^{vr- (81) 

Solving ( pOD and substituting in ( |79D and (^) leads to the single equation for ip 

V"±^{vr = (82) 

and the metric function can be found from A{r) = ±-j=Lp(r) +a. The constant a can be 
dropped as this corresponds to a simple rescaling of the coordinates. One solution of these 
equations is ip{r) and A{r) both constant i.e. Minkg with an arbitrary constant scalar 
ip. This does not solve the Bogomol'nyi equations unless c = — 1 and is a generalisation 
of case i) above. Another interesting solution of the field equations is the domain wall 
with the single scalar p active 

e^Tf^ = H{r) = ar + b (83) 

dS^ = m {r)dx^dx''rif,^ + dr'^ fi,u = 0, . . . ,7. (84) 

where a and b are arbitrary constants. However, this domain wall only becomes a solution 
of the Bogomol'nyi equations if a is proportional to c+ 1. Thus in the the purely bosonic 
theory for which c is not fixed this domain wall satisfies the Bogomol'nyi equations as- 
suming c 7^ — 1 and is thus stable. It will turn out though that c = — 1 in the supergravity 
model and thus H[r) is constant and the solution reduces to maximally supersymmetric 
Minkg with an arbitrary constant scalar. 

Case iii) x = 0, p,(f> j^ 

Here we can try and directly solve the Bogomol'nyi equations which are 

771 2 

p' = ±^ e^'^[e^ + e-^ + 2c] (85) 
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±^e77'^[e'^-e-'^] (86) 



^ 



-4^7^'. (87) 



Clearly the metric function A{r) can be easily found from (|87|) once (^{r) is known. We 
therefore concentrate on the first two equations above. We lose no generality by working 
with the upper (positive) signs as m is arbitrary. Substitution of (|85D into ([86|) leads to 

(sinh(f))'=+i 



/.e^^ 



(88) 



(cosh(f))--i 
where jj, is an arbitrary positive constant. On further substitution of this equation into 



(pq) one obtains the following integral 

/ # ^'"' '^^.J,,, = H{r) = amr + P (89) 

•' (sinh 0) 7 

where a is an arbitrary positive constant and /3 is just an arbitrary constant. For the 
supersymmetric case, c = —1, we have the equations 

e^-« = cosh^ (^\ (90) 

7 /■ 1 

J + d(j) Y = H{r) = 2mr + (3 (91) 

8(cosh0)7 J (sinh 0) (cosh 0) 7 

where /x has been set to one. After making a change of variables, the integral on the left 



hand side of ( pl| ) can be expressed in terms of the hypergeometric function 2F1 defined 
as follows 

,F,{a, b,c-z) = ^,^^^^—^j'^dt t'-\l - tr-'-\l - tzyr (92) 

Thus the dependence of on the transverse distance r from the domain wall is described 
by the function (?(</)) 



'^f^' ^ H (d:^ - (iii^ ^^''^- 'r % ---^^ - "' 



(93) 



One can easily show G{0) = —00 and for |0| -^ 00, 2-P'i(f , f , y, — cosec/i^0) — > 1 and 
hence G(0) — ^ from below. G"(0) = only at |0| = 00 thus a plot of the function G(0) 
versus takes the form of figure |l|. This plot shows (^(0) and hence H{r) are negative 
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G(0) 




Figure 1: Functional dependence of G{(j)) on 4>. 

for all values of 0. 

In a typical domain wall solution (e.g. II A 8-brane) the scalar field is related to an 
harmonic function H{r) via e'^'^ = H{r) and hence H{r) is always positive although H'(r) 
can take either sign. Choosing H{r-) = ar + j3 and imposing that H(r-) is positive leads 
to two inequalities for r depending on the sign of a, r > —A for a > and r < -A for 
q; < 0. One can then choose [3 differently in these two regions to make H{r-) continuous 
i.e. [3 = —\a\ro where a > and /? = |Q;|ro for a < 0. The continuous function H{r-) 
is then positive for all r and H'ij-) changes sign in going from r < Tq to r > Tq. Thus 
i/(r) = |Q;||r — TqI V r. 

The difference of the discussion of the previous paragraph and our case is that the 
Bogomol'nyi equations imply that the coefficient of r in H{r-) must always be positive, 
assuming ?72 > (or at least has the same sign everywhere) . Combined with the require- 
ment of if (r) always being negative, this leads to just one inequality for r, H{r-) = 2mr+P 
is negative for r < — ^. Hence we have a single sided domain wall. 

One can avoid this situation if one is prepared to allow m to be positive in one 
region and negative in another. Then demanding H{r) < V r leads again to two 
inequalities and with f3 chosen appropriately in these two regions as above we can solve 
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the Bogomol'nyi equations everywhere with 

H{r) = —2\m\(r — tq) r > tq 

H (r) = +2\m\{r - ro) r < tq (94) 

i.e. H{r) = 2m{r — Tq) where m = ^\m\ for r > Tq and r < Tq respectively. 

Examination of the Bogomol'nyi equations show that allowing m to change sign in 
different regions of the spacetime is equivalent to keeping m fixed but working with the 
Bogomol'nyi equations with the opposite sign choice in different regions but which still 
imply the same field equations. This procedure is justified by the fact that m appears in 
the field equations (^-|6^) and Lagrangian ([70|) quadratically so one can consider only 
\m\ to be fixed. However m does appear linearly in covariant derivatives but these terms 
vanish after truncating to the bosonic sector of scalars and gravity. 

The harmonic function (pil) tends to — cxd as \r\ -^ oo. Hence the scalars (p and ip 
and the metric function A all vanish as \r\ -^ cxd making the geometry in this region 
Minkg. At r = ro, H{r) vanishes and hence \(f)\ = (p = oo and A = —oo. Using the 



expression for the superpotential W{(p, 0, x) with c = — 1, (|7^ , we observe that the sign 
of W is different on the two sides of the domain wall due to m changing sign. |Vr| ^ 
as \r\ — >• oo and \W\ — > oo as \r\ — >• tq. 

One can obtain a domain wall for which and cp remain finite at r = tq by taking 
H{r) to be 

H{r) = —2\'m\{r — tq + A) r > tq 

H{r) = +2\m\{r -ro- X) r < Tq (95) 

where A > 0. We note that this is not the Randall-Sundrum scenario as at r = tq where 
V9 is a positive constant, A{r) is negative due to y?' = — 4-\/7A'. Thus the gravitational 
potential Qqq increases from r = tq to \r\ = oo where A = and the geometry is 
Minkowski. Therefore this domain wall does not apparently confine the zero mode of the 
graviton to the brane nor is the geometry asymptotically Anti De-Sitter. 
In summary, the supersymmetric domain wall is described by 

dS^ = e^^^'^Ux^'dx^r]^^ + dr^ /x, z/ = 0, . . . , 7 (96) 
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e-7.4W _ ,^^(r) ^ ^0,1, W"! _ (98) 

where H{r) is an harmonic function of r. This solution satisfies the Bogomol'nyi equations 
for c = — 1 and therefore presumably preserves one half of the supersymmetry. 



Case iv) v?, 0, X 7^ 

For this case we have been unable to find a solution of the full set of Bogomol'nyi 



equations (^-^Sp with all three scalars active. 



4.1 IIB Interpretation of 9D Vacua 



As the 9D SO (2) gauged supergravity (|5q ) was obtained by a generalised reduction from 
D=10 type IIB supergravity, the 9D Minkowski spacetime and 7-brane domain wall 
solutions of the previous section should be the generalised reductions of objects in D=10. 
We now address this point. In section 4 we took the constant c appearing in the 9D 
Bogomol'nyi equations to have the value —1 in the supersymmetric case. We justify this 
here by the following outlined method. 



One begins with the D=10 Bogomol'nyi equations in the 7-brane background ||2^, ^4 

dS^o = dx^dx''rif,^ + n^{dr^ + dxl) /x, z/ = 0, . . . , 7 (99) 

where Q = Q{r,X2), which are 

df = 0, a In fi = -V (i^) df (100) 

where t = x + ^^"^ is the D=10 complex scalar. One then performs a generalised 
reduction of these Bogomol'nyi equations making use of the formula (derivable from the 

ansatz (||)) 

|(|r(r)p — 1) sin(m2;) + x(r) cos(mz) + ze~'^('') 

^^''' ^^ " (|r(r)|2 - 1) sin2(if ) + x(r) sin(mz) + 1 ^^°^^ 



d = ^(^ + «flf-) and f = fi + if2. See [g3| for further details of the notation. 
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where z is the compactification coordinate of section 2, related to X2 by dx2 = e ^ dz. 
Comparison of the above metric with ([To|) and (|63|) immediately gives this relation be- 
tween z and X2 and the relation (f{r) = —A^/7A{r). After a very lengthy calculation, 
all z dependence cancels and the real and imaginary parts of the (generalised) reduced 
9f = equation give 

X = -mxe^^'e-'f, 0' = -^ e^Vix' + 1) - e'^ (102) 



The imaginary part of the (generalised) reduction of the second equation of (|100|) is 
identically satisfied whereas the real part becomes the equation 

(^' = mV7e^'^[e'^(x^ + l) + e-'^-2] (103) 

thus confirming that c = — 1 in the supersymmetric case 0. 

The domain wall of section 4 is a solution of the Bogomol'nyi equations ( [75l) - ( [7^ ) 
with X = and therefore, due to the consistency of the Kaluza-Klein reduction, is 
a solution of the D=10 Bogomol'nyi equations in the 7-brane background. Thus the 
generalised reduction of the type JIB D7-brane is the 9D supersymmetric domain wall of 
section 4. The 9D Minkowski vacuum has an equally simple IIB interpretation. Setting 
V' = X = = ^ = O and r = z in (|101D implies f{x, z) = i. Substituting into the D=10 



Bogomol'nyi equations gives a D=10 solution provided fl{r,X2) is constant and hence 
dSfo = MinkiQ. i.e. the IIB D9-brane. Thus the 9D Minkowski vacuum is a wrapped 
D9-brane. 

It is interesting that the MinkiQ solution of IIB supergravity survives the generalised 
reduction when one uses the global non-compact S'/(2, M) symmetry as in this paper. This 
is in contrast to the generalised reduction of IIB supergravity using a different symmetry 
- the global non-compact shift symmetry of the axion x(x, z) 0. The generalised ansatz 
for X is xi.^1 -2) = xi.^) + "^^- Thus the MinkiQ solution, for which x = 0, is inconsistent 
with the ansatz and hence the 9D generalised reduced model has no Minkg solution. 
^This equation differs from ( [Tq ) by a factor of — y. We believe this disagreement originates in the 

differences of notion and conventions used in this paper compared to P3| , Q and is not a serious one. 
^This gives a 9-D massive supergravity which is also the reduction of the massive IIA model 12^]. 
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5 Further Dimensional Reductions 

The 5*0(2) gauged supergravity (|58D has a Minkowski ground state. An interesting 
question is whether, after ordinary dimensional reduction to lower D, the resulting su- 
pergravities also admit Minkowski vacua. 

Upon performing standard Kaluza-Klein reduction to D=8 {i.e. all fields are taken to 
be independent of the compactification coordinate), it is clear that the potential simply 
reduces to 

where the metric ansatz is taken to be 

dSl = e^'^'^^dSl + e^*"^ {dz + A). (105) 

However, because of the presence of a covariant derivative in the kinetic term for Ai (x, 4>) 
there will be a contribution to the potential from the term 

jetr{DMDM-^). (106) 

Of course it was this scalar kinetic term which generated the potential originally in the 
generalised reduction to D=9. Now it is the presence of Az which is responsible for the 
new contribution to the potential. Also if we reduce to low enough dimension there will 
be new contributions to the potential from the terms 

1 1 777 3 

-—ee'v^''{DB2YM{DB2) and - _e7f^i3jA<-%. (107) 

We now analyse the structure of these contributions more closely. 
Consider, 

- ^e tr (D/^MD^M-A (108) 

where Dp,J\4 and D'^jii~^ are given in ( |59D but with A^ replaced by A4[]. For the reduction 
ansatze we use 

Mix{x,z),^{x,z)) = Mixix),(pix)) 

Ai{x,z) = (Ai - \8A2) + Xsidz + A2) (109) 



'^Hats now refer to D=9 fields. 
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where A2 is a Kaluza-Klein vector, z is the compactification coordinate and x = x^, /i = 
0, . . . , 7. The scalar kinetic term thus reduces as 

e trfOf^MD^M-^) = e tr(D^MD>'M-^) + e tr(D,MD'M-^\ (110) 

The second term in this expression generates the contribution to the potential 



which is easily shown to be 



T A^-l 



-i„r\ 



{?]' M + Mv){v M^' + M^'v 



^2g2(a8-/38)o 



m 



Vs{M) = —tr 



M^-U 



^2^2{a8-l3s)a8 



Hence in D=8 the complete scalar potential is 



TD 



M^-l2 



eV7^ + A^e-^^^'^^ 



^2ag,ug, 



(111) 



(112) 



(113) 



Generalising to a dimensional reduction to d dimensions, it is clear that the potential will 
become 



■m 



Vd{M) = ^tr 



M^-h 



S{cri] 



where 



S(a) = e~^^^""''+^Si=d"'''^' + A^e~^^**°^**'*'^^»=d"''^' + + x'^Q-'^i^'i<^d+2adad 



(114) 



(115) 



and the (Tj's are Kaluza-Klein scalars and the Aj's are scalars from the reductions of ^1. 
Clearly Vrf(A^) > and Vd(A^) = when M. = I2 and all the Kaluza-Klein scalars are 
arbitrary constants as in D=9. Thus the d-dimensional vacuum is Minkowski spacetime. 
As noted above however there may be contributions to the potential from terms like 
those of ( p-OTp . The latter term will yield a contribution to the D=7 potential of the form 



^m2eeS»^»"'(B^A^-^Bc 



(116) 



where Bq is a doublet of scalars from B2. Clearly this modification to Vd{M.) vanishes if 

Bo = 0. Hence the potential still has a D=7 Minkowski ground state. The first term in 

( [107|) will give a contribution to the potential in D=6. Because DB2 takes the following 

form in D=9 

m 

(117) 



DB2 = rfBs + —r]B2Ai 
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the term ~ m in DB2 will, after reducing to D=6, yield a contribution to the potential 
like 

~ m2eeS»^^'^>(AiCo + AaB'^ + A3Bo)^7W-^(AiCo + AaB'^ + A3B0). (118) 

Again this will vanish if the various new scalars Aj, Cq, Bq, Bq coming from the various 
reductions of Ai and B2 vanish. 

It is clear that neither the supersymmetry nor the SO (2) gauging is broken in the 
Kaluza-Klein reductions thus we obtain a class of SO (2) gauged supergravities with 
Minkowski ground states in all dimensions from D=9 to D=4 0. 

After reduction to D=4 the kinetic term for the four-form field strength can be elim- 
inated in favour of a scalar potential with the form 

V-m^ee"*, (119) 

where m is an integration constant. If m 7^ then the model will admit a standard 



domain wall solution |27|. This reduction plus dualisation is equivalent to first dualising 



the four-form in D=5 then performing a Scherk-Schwarz reduction using a global axionic 



shift symmetry [2^. Clearly one can dimensionally reduce to D=4 and choose not to 



dualise the four-form. The resulting model will have a Mink4 vacuum. 

6 Conclusions 

In this paper we have performed a generalised 5'/(2, M) reduction of type IIB supergravity 
and obtained the bosonic sector of maximal 5*0(2) gauged supergravity in nine dimen- 
sions. As dimensional reduction preserves all supersymmetries this D=9 model must 
admit a supersymmetric extension. 

It is well known that by considering the 'near horizon geometries' of supergravity brane 
(or intersecting brane) solutions in D=10 and 11, one can infer new reductions leading 



to gauged supergravities in lower dimensions and also find new solutions [T^, |29|, ^ |3T|. 
A classic example is the 'near horizon geometry' of the D3 brane. This is AdS^ x S^ 
which implies an 5*0(6) gauged supergravity in D=5 with an ^4^55 ground state. One 
* Scherk-Schwarz reductions |g6|, have been shown previously to lead to gauged, massive supergravities 
with potentials possessing flat directions. 
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may ask whether there is a brane solution of the IIB theory which imphes D=9 SO {2) 
gauged supergravity with a D=9 Minkowski ground state. The natural place to look is 



the D7-brane. One form of this solution was given in pq] and takes the following form 
in the string framed 

ds^ = H'^{r)dx^dx^ + H^ (r) [dz^ + dr"^] 
e-^ = H{r) 
X = ±H'{r)z. (120) 

where the transverse coordinate z is periodically identified. and x ^-re the IIB dilaton 
and axion respectively and H{r) is an harmonic function of r only. 

It is clear that in the limit of r tending to zero the metric becomes Minkg x S^, the 
dilaton is constant and the field strength of the axion is proportional to the volume form 
on the S^ factor. This is consistent with an 5*0(2) gauged supergravity in D=9 with a 
Minkowski ground state. 

As explained in the introduction, three intersecting M5-branes have a near horizon 
geometry of AdS^xK^xS"^ implying an S'^ reduction of D=ll supergravity is possible. 
Presumably one obtains the D=9 SO (2) gauged model whose bosonic sector we have 
presented here. It would be interesting to confirm this and obtain the fermionic lagrangian 
and supersymmetry transformation laws. This would then allow one to give an M-theory 
interpretation to the 9D Minkowski and domain wall vacua of section 4. 
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